or 


INTEGRALS OF FORMS | 


CHAPTER VI. 


170. Integration of forms 


f dæ 


a+b cos x’ 


To integrate | 


a+b cos g’ 


| da 


a+b sin x” 


Miu UN uli las 
(a+bcosx+cesina)” ^ 


a ete 
a+bcosx+esina’ 


we may write a+b cos x as 


2 2 202 — 2) 
a (cos? 5 g sin 2) +b (cos 5 sin 2) 


i.e. (a+b) cos? 3 + (a—b) sin? 5 » 


Thus ess 


id b) cos? = to 


- 


da 2 


a+bcosx a— 


aTa+b 


Hi 


sec 2 dz 
Xp "yw wr, rones... (1) 


x 
ima "RED 


171. Case I. If a? >0?, this becomes 


i.e. ip NS tan”! 


asin a 


2 a fa—b, 2 
Eros nab n 3, 


(tan = tan 5) where b=acos a. 


170 
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This may be written in other forms: 


e.g. since 2 tan” z=cos-! Er 
J- = IFA 
we may write the result as 
a—b, T 
At 1 — ái b tan 3 
Ja? — b? a—b, £ 
1 tarb tan 3 
1 b-r-a cos x 1 cos a+cos 2 
E AE a ee le d ee ee 
T Ja? — b? (08 atbeosz asina ^ (1-cosacosz. 
Further forms are: 

9 Ja—bsin 5 2 Ja+b eos 5 
————— SIDA! l—————— or ost _ 
Va? — b? Ja+b cos x Ja? —b? Ja +b cos z 

/ 2. 2g 
or 1 sin” a — b'sin g ete. 


Pru xe: A Nb—a 
a+bcosa b—a 
1 Vb+a+vVb—a tan 


= +=, og 
PLG > 
p Vo+a—/b—a tan; 


zl. e 
atan a 


where 5 — « sec a. 
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172 CHAPTER VI. 
By Art. 64, this may also be written as 


2 4,]b—a, 2 2 E a, 2 
Joca bpa ng or Itang anh (tan 2 tan 7) 
or, since 2 tanh-!z=cosh-" ine 
we may still further exhibit the result as 
b—a, 2 
i i ad b+a van 2 
i cosh 
Jb a* 1-3 087 ‘ 
b+a 2 
or 
1 O+acosx . 1 _11+c08 a cos x 
arm Dare a+bcos2’ “e tana cos a+cosa ’ 


and in other but equivalent forms as in Case I. 


173. We therefore have 
-14 pa —b nz 
tan a+b tan 2 , 


b, 
1 1 og-1 OF a cos z 
d.e. rp" 
or 
de pE ; 2i ied a 
lat = JP — a gom jan. 


Ab 4- a+Vb—a tan; 


log a <b, 


Jai © /b+a—Vb— atan 5 


b+a cosg 
-1 
Jb? — a? sine a+b cosg’ 


r 


or 


with many other forms. 
174. In the cases b= +a, the integral is at once obtain- 
able, for 


| 1 [seeds emn 


à, J- à, cos x 2a 


a—acosz 2a 


da 1 x 
and [2 - | cosect 7 dz = — =l cot 5. 
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175. The integration of Imm is reduced to the fore- 


going forms by the substitution 2=3+y when we have 


| dz 1 dy 
a+bsinz — pe 

le EB 
Jem Varo 2-2 


b+asinz 25 2 
a+bsin zx ies: 


s-r 

or "Tcp 
; Sina-Fsinz 
= ——— Cos l 3. 
acosa 1 +sin asin zx 


where b=asina, 


2 —1 
or oa tanh b P tan n(2-7 4 


po, Yora+Vb=atan (5-1) 

fae ia pcan MC 

J/b?—a? —— =» — T 2^» 
Jb+a—/b=a tan (57) ak <b, 


or 


1 b+asinz 
Jb? — a? a+bsin g 
PA p l+sinasing 
acota sina+sina’ 


where b=acosec a, with many other forms. 


176. We might also treat | independently. 


da 
a+bsing 


Proceeding in the same way as for | , we write 


a+b cos z 


a+bsinz=a du + sin? uM sin 30055 


2. 2 


f "IET E j 
a+bsinz a (tan RE eR 
a 


174 CHAPTER VI. 


and two cases arise as before, viz. a=b, when we apply 
Art, 127; 


NALE ¿+0 
a+bsing Ya2—b? go 
a tan = T b 


or O SY): mos NE a <b, 
showing the result in different forms from those already 
given, but of course differing from them only by quantities 
independent of z. The student should consider this state- 
ment and reconcile the results, as it is a matter of some 
little ingenuity. 
177. Extension. Again, since bcos +c sin z may be written 
as Rceos(r—-), where R—4D?--c? and tan y=p we may 
da da 
deduce om fro m 


proceed independently, at our pleasure. Adopting the former 
course, we have 


or we may 


| daz 
& 4-b cos z J-c sin g 
díx— —y) 
sah bs bay 
RR, Y 
= tan” tan 
A R 
3 Pietas ifo?» ER 
" Eme eos i EE cos T— y 
—Ja—R? a+Rcosz—y 
2 R—a, z—y 
or TR a Vita g^ 


1 VR-a-E/ R—a tan 7 Y 


1.e. Fae Glog — OE 
a /R+a—J/R—a tan Y 


R+acosz—y Ly, 


=i 
epe &.4- E cos z — y 


pe 
J R2 — a? 
with other forms. 


or 
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And these of course include the forms of Arts. 171 to 176 
as particular cases, viz. when c=0 or b=0. 


178. The reduction to the form 


| da 
a+b cosg 
has the advantage of making the integral depend upon the 


integration of 
| da 
a+” 


whilst the independent treatment throws the integration 
upon the form 
| daz 
a2? 4- 9b; 4- c' 
and involves the completion of the square in the denominator. 


179. Illustrative Examples. 
Ex 


IB SLI. ES BAR cir 
934004 2 aaa 


y dæ 
ie cost 5 —9 sin? * 


2 
22 
1 sec 
3 zd 
— 2 
4 — tan à 
"f : at : d tans 
2— a — 
g- tang 2+ tan> 
x 
2+ tan = 
"i 21 tant (}tan®) =Leosh-1 +3 eoe, 
Bs yt irte (5 tan5) = cosh 3+5 cos x 
2 — tanz 
9 
Ex. 2 
dx dy 2 
lla where x=r +y 
5+3 cosy ale 5—3cosx 
dii Te zz i pc Bei aede" 4 
—1 cosh 345 cosy $ cosh EU RET 
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Ex. 3. 


4-3 cog 5 (eos! +sin?= 5) * S (eof —sin*S ) 


a? m 
27 92 z 27 
8 cos g +2 sin 2 4 + tan 3 


1 x 3+5 cosg 
pa -1[ — == ue e id a 
ees (5 tan 5) ps 54-3 cos x 
dy T 
iaa ea piese Aetas 
dd Ma +5 sino 
5+3c08 y . 5+3 sin 2 
f da =f dx 
13+3cosz+4sinz J 13+5cos(x-a) 
1 5--13cos(r—a) 1 E z— 3 


=$ cos”! 


Ex. 5. 


where tan a—4, 


== qp pesti aec o GA -l heip 
T aE A baar E henni 


180. The integrals 
e eod vd iade Lon A 
a+bcosha’ Ja+bsinha’ Ja+bcosh +c sinh æ 


may be treated similarly, 
Thus, 


rr” = 
wie ies ed L (cos? — sinh 3)+0(cosh*5 +sinh*5 
y 2 2 z 2 


E 


b 2 
x 
9 | dianhz 
or pu. e 3 
a—b (ab nhe? 
a —b 2 
Hence, if a? < b?, we have the forms 
2 b—a x 1 b +acosh x 
——= tan”! E nh; === US ra 
Ji a? bpa aa r a+b cosh g’ 


and if a?>b?, 


b+acosh g 


2 a—b T 1 
RAN We E E BN med Jr Ne ss il ARA 
ia. qa Aud dard (erp a+b cosh g 
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Again, 


me pes da 
[crono (cosh? ¿—sinh*3) + 2b sinh £ cosh 5 
a | COS. 2 sin 9 B 2 


x 
9 atanh 5— b 


==——— ta h-! — |; 
e+e | Ve+b | 


and other forms will be exhibited later. 
Similarly, in the general case, 


DU] Sd, 
a+b cosh z4- c sinh x 
dx 


Ti (cosh? 57 sinh? 3) +b( cosh? 3 +sinh? 3) + 2c sinh 5 cosh 


| sech? S da 


à 4- b -- 2c tanh 3— (a— b) tanh*5 


x 

A | d tanh 5 
Fa—bl (ato ci ( x E 
Es a tanh— ^7) 


x 
or gu aaan amen A A A LOY A ERE SSE RRR SS e ae a 
b—a| a+b c? ( z e Y 

{ }+ tanh +g) 


b—a (b—ay 
x 
(a—b) tanhs—c 
= EI FRIES. iod ot tl a? c? > p, 
Va — b? +e Ja — b? - c? 
x 
(b—a)tanh=+e 
2 : , QC, 


or — tan-! m —— 
até? Jie 


178 CHAPTER VI. 


But we notice also that just as a«+bc0s9+c sin 0 may be 
written Ee poy pew | 
by putting b— E cosa and c-— sina, where R=/b? + c? 


and tan a=5» we may write 


a cosha+csinhz as a+Receoshz+y 
putting b=Rcosh y ag c=R sinh y if b?>e?, where 
=,/b?—c? and tanh y= p or as 
à.4- R sinh z4-y y 
by putting b= R sinh y, c— R cosh y, where R=,/c?—b? and 
tanh y =? when b? — c?, and therefore the case may be regarded 


as one of the previous ones or vice versd. 


181. Another Method. A further method of treatment will 
be obvious if we remember that these hyperbolie functions 
are merely functions of a real exponential. 

Taking the general integral in this way, we have 


f d. E | -shitak . Y 
a+beosha+csinha J2a--b(e*4-e*)4- c(e* — e) 
=| 2e dx 
|J (b+c)e* + 2ae*+ b—c 


2 de* 
"m | CR 


eau Gu. 
i 2 de* 
(+55) > Oo 
giving the forms 
or Ze coth^! pysete if b? — a? 4- c*. 
E C 


Comparing with the results of Art. 180, it will be remarked 
that the integrals of such expressions differ much in appearance 
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according to the method adopted in integration. Integrals 
of the same expression, however, can only differ by a quantity 
(real or unreal) which does not contain z, and it will be 
a useful exercise to deduce one form from another; and, 
as has been said previously, this will sometimes require some 
ingenuity. 


182. The Integration expressed in terms of the Integrand. 
Far more symmetry, however, will be obtained in the results 
if we attempt to express the integration in terms of the 
integrand, as we now proceed to show. 

These integrals may be deduced from the form 


| dz 
J Aa? --9 Bx -- C 
which is 
Em Aen B , 4750, B* AC (Arts. 80 and 81), 
JB — AC ( 
3 Ax+B 
. cams A, ALO, BSA, 
or 35 cos Jea < = 
T 2... ALES 
Muret m 
or a JA0— P A790 PEAC, 


the case A «70, B2< AC being omitted because the radical 
in the integrand becomes unreal in that case. 

The rule is to substitute y for the integrand in all cases 
and integrate in terms of y. This method leads to remark- 
able symmetry of form, and expresses the result in terms of the 
integrand itself, and yields new forms for the integration. 

Thus, considering the general case, and writing 


dé 
ETETE ] 9% 


1 
wh — IAS 
x ua a+beos@+esind ^ 
we have b cbt Wisin A E 
y 
1 da 
and therefore b sin 0—ccos 0 = yi + 
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Squaring and adding, 
1 dy 
2 v ee mE 
b?-F-. c? — ay - += "It. if 


de 
Hence 
[y do= ad de 
" A i-us ep etr if pe 
wo gg E uses, 


where y^! —a 4- b cos 0 -- c sin 0. 
The sign is to be determined by examining whether y 
increases or decreases with 6. 


dé 


: dy . 3 : 
It y and O increase together, 75 is +; eg. in Peer 


provided it be a case where b is +° and in which 0 «0 ved 


throughout the integration, we use a +, for in the first 
1 


quadrant as 6 increases cos@ diminishes; .. ZIEL 


increases, that is, y increases. 
dé : ; H^ "b 
In [rn supposing @ to lie in the first quadrant 
throughout the integration, we should use the — sign. 


183. In the same way, to integrate 
rerom, jede 
a+bcosh x 4- c sinh x pum 


1 


where a+b cosa z4- c sinh x =Y 


we have b cosh z 4- c sinh 5=,-4, 


: _ 1dy 
b sinh x+ccosh x= "T. de 
Squaring and subtracting, 
1 2a 1 (dy 
m os GS E E cao a 
TET ED A AT, (7 
and taking the case b and c both positive, y decreases as x 
increases; 
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dy 
af d. = — | ———————————————— 
E " [oce EH 


+= +e ot Ero mut 
sp GES 4 const. 
if b& >c? and a?+c?>0? 
Sa SHE 
.,9— (a c 


1 —b*)y 
A — Ugoa Oe 
if a?-- c? 0? 


or = 


8. l u— 

1 sinh- (* +c?—b?) y—a 
Ya?+c2—b? ci—b* 

1 . dO +0 —b*)y .0 39 
"e MENU = MC 
where y^! « a+b cosh 2+c sinh z. 

184. Hence we get the following particular results by 
putting b or c=0 in the general results of Arts. 182, 183, 
f dé 1 pots cos 0 (b? >a?) 


or =— 


a+bcosó Jaa atbcosd 
one iet cos O (< a), 


1 
T um Ja? —b? a+b cos 0 
f d 1 _,b+asin 0 (0? >a’) 


a-bsinó Jea ". a+bsinó 
_,0+asin 0 (2 <a’), 


ex Y gla a+b sin 0 
[ro ewm mr ml COS T ne 

or — TED ese (b? < a’), 
[OS Nr m Te aay coru rd 


The symmetrical form of the several results was given 
(without proof) by Greenhill in his Chapter on the Integral 
Calculus, p. 34. 
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When a=0 we arrive at results obtained earlier in other 
forms, viz. 


| ge — cosh^! (sec 0) (compare Art. 74) 


cos 0 
ES = — cosh^! (cosec 0), 
ña -=C08 *(sech 2), 
[ass — sinh^! (— cosech g) = — sinh”? (cosech 2) ;* 
and from the general results 
dé NA in a. cos 0 -- c sin 0 
IE cosO+csinó VEFE Jb? 4 c 
dé 4 1 ,0cosha+csinhz.. 1a a4 
E coshz--csinhz — Bra gd JPA desl 
= 1 _,0 cosh z+ c sinh g 
=— 2 cosech meee uu 
if Due 
or again, = pen —tan™ EL if BS, 
or m za oth! tee if b< e, 
, C — 


forms which the student should compare with those previously 
obtained. 


185. Reduction formulae for MÀ of form I = [5s Xv where 


. X= a+ b 
Let us consider the case 
f dz 
2= | (a+b cos zy 
We shall connect the integral with another, viz. 
Es (ee, 
1 Ja+b cosa 
Put P= dmat i . 
a+b cos x 


[Vote.—That is, to form P, sinz is introduced into the 
numerator of the integrand of J,, and the index of the 
denominator is lowered by unity.] 
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Thus or - cos z(a+b cos z) J- b(1— cos?z) 


(a+b cos x? 


_ b+acosz b= G+ Fat cosa) 
~(at+beoszP? (a+b cosg) 
N^ 1 ar—b? 1 


=g a+b cosa b (a+b cos q)? 


Therefore integrating, 
sin g -%7 |d—b 
a--bcosz b ! b 


Es. sin x a 


a? — b? a+b cos 3 aic pi ¿eto 


Hence l,= — ¿pt 


and J, has been given in various forms in Art, 173, e.g. 


1 alui b+a cosg 1 saat b+a cosg 
VJaæ— b? a+b cosg b2— a? a+bcosz' 


according as a? is greater or less than b?. 
me: sing 1b +4 cosg 


. ea dices po e es A ee ss E 2 
-h= —b? a+b cos (qi pr) ue a+b cos zio >b), 


2 b sin x a _19+4cosx 


— b a+b cosg aye skott (a?<b?). 


186. Again, in the general case, if 
30:5 | meds? 2 
” J(a-4-bcos x)" 
» sinz 

ds P (a+b cos z)^-* 

Then 
dP  cosz(a--bcos z)--(n— 1) b(1 —cos? z) 
dz | (a+b cos x)” 


BE. + B(a.-- b cos z) - C(a +b cosg}? 
(a+b cos q)” oi dm 


where A -- Ba.-- Ca? z (n —1)5, 
Bb 4- 2Cab — a, 
C»? =(2—n)b 
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2 n— 2) a, ¿a a 
giving ace ges B=7 +27 (n—2)=(2n—3) y 
a? a? 
A= (n—l) b—(2n—3) ¿+(n—2) $; 
L deci) a?— ies 
Hence, substituting uS. values and integrating, 
sinz a?—b? 2 


a — 
(a+bcosaj 1 —(n—1) 08 I, +(2n—3) b ly pedea 


The reduction formula is then 
b sin x 2n—3 a 


In= — DE (a-Fb eos aj «—1 @— zig Ina 
_n—2 1 Fo 
^ 4—1 a$—l* 


Thus, as 7, and J, have already been found in finite terms, 
we can successively deduce the values of J,, IL, etc. 

It will be noted that J, is in this case shown to be depen- 
dent upon two integrals of lower order, viz. I, , and I, ,, 
except when n=2. 

Also, the result of Art. 185 could have been obtained by 
putting = 2 in the present result, 


187. Generalization of above method. 


dz dy eo 
As a reduces to | Tempe on substituting 
7 
gty for x, and iac Sici 
loss cos z4-c sin g)” 
r d(z— y) E ree 
may be written as for eer where R= N b + and 


y =tan” if b it is usual to refer these integrals to the case 


considered in Art. 186. We may, however, establish a re- 
duction formula independently for each case. 
N i da: 
Tang Ln =( (a+b cos z+esin 2)” 
^ —bsinx+ccosx 


let P= (a+b cos z-- c sin x)" 


[ie if D=a+bcosa+esina, pape | 
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Then 


dP —bcosx—csina liinda (—5 sin æ +c cos x)? 
dæ (a+bcosa+csin a)" (a+bcosx+csin æ)” 


—a(b cos x +c sin x)—(bcosa+c sin g)? 
— (n — 1)[b?+c?— (b cos x -- c sin æ)?] 
(a+b cos z 4- c sin g)” 


A - B(a--b cos x - c sin x)+C(a+b eos z -- c sin x)? 
i (a+b cos x+c sin g)” 


where. A, B, C are constants to be determined so that 
A 4- Ba+ Ca? 2 — (n — 1) (P 4- c?), 
B+2aC=—a, 
C=n—2, 


whence A =(n—1)(a?—b?—c?), B= —(2n—3) a, C=n—2. 
Therefore the proper reduction formula for I, is 


, SAY, 


M —bsinz-4-ceosz 
(a+b cos z 4- c sin z)^-1 


— (n — 1)(a? — b? — c?) I, — (2n. —3) al,_, +(n—2) I, ,. 
We note that when n=2, the last term disappears, and 


—bsinz+ccosz 
$519. 8A EK: TIRE E SS 
(a? —b?—e*) I, A eo 

dz —b sinz+ccos z 


ie. (a? — b* — e +al,, 


(a+bcosa+esina? a+bcosa+csinz 


the real form of J, being selected from the various forms in 
Art. 177. | 

Also I, and J, now having been found, we can proceed to 
deduce J,, I,, etc., successively by aid of the reduction formula 
established. 


188. Corresponding formulae for the case of Hyperbolic 
Functions. 
In like manner reduction formulae for 


| de da f dz 
(a+b cosh z)"' | (a4-bsinhz)" J(a+bcoshx+csinhz)" 


may be constructed. 
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As the last includes the first two as particular cases, we 
consider that one in particular, and proceed as before. 
b sinh z4-c cosh x 


Put P (a+b cosh +c sinh z)^-* 
Then 
a cosh + c sinh g) (a +b cosh z+ c sinh g) 
dP | — (n — 1) (b sinh g +c cosh g)? 
dz (a+b cosh z 4- c sinh g)” 


a (b cosh x-- c sinh z) -- (b cosh «+e sinh z}? 
— (n — 1)[(b cosh z 4- c sinh zy? — (0 — ey 
(a+b cosh z-- c sinh g)” 

_A+B(a+b cosh «+c sinh z) -- C (a+b cosh 2+c sinh 2 
(a+b cosh e+e sinh g)” 


where A+ Ba 4-Ca? — otn 


Say, 


B+2Ca= a, 
C= —(n—2), 

whence A=(n—1)(—a?+b*—c?), B= (2n—3) a, C= —(n—2). 

And the proper reduction formula is 

bsinh «+c cosh z 
(a+bcosh z-- c sinh x)" 
=(n—1)(—a?+b?—c?) I, +(2n—3) al,_, —(n— 2) Ino 
As before, the last term disappears in the case n= 2. 


Hence 
b sinh z4- c cosh x 


a+b cosh z4- c sinh z 
the real.form of J, being selected from the various forms 
shown in Art. 180. 

I, and 1, being now known, we can proceed as before to 
deduce successively Z}, I,, ete., by aid of the reduction formula. 


(—a@+0?—c’) I,= —al,, 


189. Special Cases. 

We notice also that, putting a=0, b=0 or c=0, or two 
of them, in these reduction formulae, we have a mode of 
reduction for such expressions as 


[secte c da, | cosech”z dz, | da 


(b cosh z 4-c sinh 2)” 


| da: dx A 
(b cos x -- c sin z)"* letras n 7 
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190. Fractions of form 
a+b cos #+esin x 
a, +6, cosx+e, sina 
The numerator of this fraction can be thrown into the form 
A(a,+b, cos z -- c, sinz)+B(—b, sin +c cos z)+C 

i.e. A(denr.)+ B(diff. co. of denr.)+ C, 
by taking Aa+C=a, Ab,+Bc,= b Ac, — Bb, — c, 
which determine A, B and C. 

The fraction then takes the form 

A+B —b, sin q +0, cosg C Pul. 
a,+6,cosz+ce,sinz a+b cosz+c, sing 

and the integral is 


Az 4- B log(a,+6, cos z -- c, sinz) +0] pe 


a, +b, cos z 4- c, sing’ 
and the last integral has been evaluated. 


191. Extension of above Method. 


a+becosa+c sina 
In the same way (a, +b, cos@+e, sin x)” 


may be arranged as 

» A : LB — b, sin z - c, coss — 

(a +b cosa -- b, sinz)"! ^ (a +b cos z - c, sin 2)” 

C 
(a, +b, cos œ+ c sin a)”. 
The integrals of the first and last fractions may be deduced 
by the reduction formula of Art. 187, and that of the second 
fraction is B 1 


^ n—1(a,+b, cose +c sin æ)! 


(n2 1). 


192. Case of Hyperbolic Functions. 
Exactly in the same way fractions of the forms 
a+b cosh z4- c sinh g a+b cosh z -- c sinhz 
a, +b, cosh z--c, sinhz' (a,+b, cosha+ce, sinh z)^ 
may be integrated. 


193. Further Generalization. 


If Tila, + b, cos 0 4- c, sin 0) 
r=1 
stands for the product of n factors, some of which may be 
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repeated, and of which the one exhibited is a type, and if 
p(x, y) be any rational integral algebraic function of z and y, 
the integral of 


$ (cos 0, sin 0) do 
J « +b, cos Ó-- c, sin 0) 


can now be found. For expressing cos O and sin 0 in terms of 
the tangent of the half angle, and writing t=tan ¿a 


1-8 2% (t) 
(0086, sin) 6 TF TFE) y 
where p is the degree of $(z, y) in z and y, not necessarily 
homogeneous, and y(t) is a rational and integral algebraic 
function of ¢ of degree 2p at most. 


1 


2t 
Also a@,+b,cos0+c,sin 0 — ab prater 
whence 


TI (a, 4-5, -2c,t 4- (a, — 5,)t] 
II (a+b, cos 0+c, sin 0) = = aFey 


2dt 
also d0- IFE 
Hence 


.. (cos 0, sin 0) dé 
II (a, +b, cos Ó -- c, sin 0) 
T 2x (1) dt 
048) HI (atb, +20,t-+4,—6,t2) 


and supposing a,+b, for any of the values of r, the degree 
of x(t) in t, i.e. 2p, is lower than that of the denominator, 
which is 2(p+1—n)+2n, i.e. 2p +2. 

This rte may then be put into partial fractions, some 
ies By others of type (F FER 

The proper reduction formulae for such cases will be found 
in the next chapter. The integration can now be effected. 

The reader may consider be himself the effect of a, = b, for 
any value or values of r. 


of type 


ia pN 
WM W / V : /. C [1. Ol g k 
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194. A different Method. 
To obtain integrals of form 


f d0 a [ dz 
(a+b cos 0 +c sin 0)” j (a+b cosh z +c sinha)" 


and their particular cases, we may avoid the reduction formulae 
referred to, and proceed as follows, using a reduction of 
different nature. 

Consider the first of these. 


Case +E — a?. 
Taking 
| d 
a+b cos Ó -- c sin 0 


1 Ue rptu. u 
= + — l -l - —— 
Pira A /b3 4- EV wm a? say, 
where y *=a+bcosO+csinó and b?+c?>a? (Art. 182), 


vd and (024 c? — a?) y =/0?*+c?*cosh u—a; 
paga PA cosh w=)", 
(bta) T 2 i 
I1 ban a)" du, 


(0.4 ca?) 2 
i.e sire. dies d 
à sy cos Ó +c sin 0)” 


= Xa | (VF +c? cosh u—a)""*¢ 
(0.4 c?— a?) 2 

We may then expand (Vb*+c*cosh u—a)"”* and integrate 
each term, finally substituting back for u its value 


_¡(0*40*—a?)y+a 
1 Rl AC. 0 o 
+cosh Jee ; 


be dai 
de. +coshi7— ral rbea8Ioso 85 4] 


the proper sign having been selected as indicated in Art. 182. 
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Case P?+°°%< a. 


de 
Jarrones 
Aa (?+e—a*)y+a u 

A T Jg a 
| ' du " | 
i.e. yeu m ddl (a? - b?—c?) y -a-—J b? 4- c cos u; 

y^ d= (a—J b: -4- in g T ‘ 

(PB) > T 


ie. | d0 
(a+b cos 0-- c sin 0)” 


akene Ar at u È [e-v b+ cosu)” "du. 
(a? wa Se e)? 
195. In exactly the same way, from the three forms 
(where y^!-—a4-b cosh z+ c sinh z) 


124 cosh z+ c sinh z 
gf MEMO AR E 
J— a? — ei b? Jb: — ce J/— a? — e 4 b? 
| where b? > a?+e?; 
1 a—(a+c?—b*)y uù 
m cosh ams = — 
E Je@+e—e Je—e Je+e—e’ 
where d?--c Dc; 


e 


or id c ppl M aceto UM E 
Wr rm m JE, Va tO 
where b< é. 
we obtain respectively, 


Case b >a +e, 


pate: cm. nda kia 
(a+b cosh 24 c sinh 2)” 
= — fi b?—c* cos u—a)""* du, 
(—a—a+b 2 
24 2 
where a— IA =/b?—c* cosu. 


a+bcoshx+csinhx — 
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Case œ +>? — e, 


a ae 
far b cosh z4- c sinh 2)” 
= REM ES fe- J®—€ cosh uy'-! du, 
(pep 


tet 


—e_— Le 
a+b cosh z +c c sinh g VU — cosh u. 


where a— 
Case >b, 


dz 
| (a+b cosh +c sinh z)” 


core s cer Hl [ever sinh w)"*! du, 
(+e 
a?--c-—b? nn» pos x MC 
where ac Eos oa cee dut. sinh U. 


196. IMPORTANT PARTICULAR CASES. 

The particular cases (according as b or c=0 in the general 
formulae, and which should be worked ab initio by the 
student) are 


dé . 1 | 
4 | (O cosh u—a)" du, 
pos cos 0)” Bay T ( do 
b--acos0 | 
b2 PT (reos = cosh u), 
-— afe- cos u)"-! du, 
(d—b)* 
b? — a?, (Errem u). 
dé 1 | 
5 = | (b cosh u—a)"*"' du, 
luz sin 0)" "E ( ) 
/b--asinO _ 
b o, (aro sin 9^ “oh u), 
= MEM fe- b sin uy"? du, 
(a?— b?) ? 
Be, reina ein a). 
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1 
ns > usine os MB — ay! d 
eec (ay (b cos v — ay"! du 
b--acoshz _ 

b? >a’, (a ochre 08"), 

-—+55|(a- b cosh u)""! du, 

(a?— 02) © 

b< a?, (Eam cosh u). 

[peg — a E N 

(a+b sinh 2) oer 

—b+asinhz_. \ 
(Same inh u) 


197. We have the further results, from putting a=0 and 
b=1 in the above, viz. 


[seen 0d0 = [coste udu, where @=sec™'cosh v; 
[eosee" 6 dé= feostrrtu du, where @=cosec™ cosh u. 
Hence either integral may be expressed in the form 


zaf (e* * e)" du = ga |[eosh (n - 1)u+"-C,cosh(n — 3)u 
+710, cosh(n — 5Ju+ete.]du 


sinh (n — 3)u 
n-3 


_ 1 [sinh(n-1)u 
— n-1 


sinh (n — 5)u 


n-i 
Mis ce TA. 


+ .-0, 


+...$4°7C,-.u or +*"1C, sinh u|. 
z E 


(Compare the forms in Art. 122.) 
198. Further, if in the results of Art. 196 we write n —1 = —m, 
we have 


du 1 Le 
(Geosh way" y gay xen eos0)"d0, b? 
sm] 
—=|(a+bcos0)""'d0,  b*-—a?, 
la = P mm (a+ ) a 
ete. 


Several of these results are given in Greenhill’s Chapter on 
the Integral Caiculus. The geometrical significance of some 
of these transformations will appear later. 
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199. Cases required for the time in an Elliptic Orbit. 

The cases of [A aye where a=1, b=e, 1 — 2, are 
required in the theory of Planetary Motion in finding the 
time in an assigned portion of an elliptic (or hyperbolic) orbit. 
We may either quote the results from Art. 185, or proceed 
independently as follows. 

If e<1, by Art. 171, ; 

f do  '|»1 l a 6 co6 0 u 
l+ecosó Ji—e l+ecosó Ji—e” 
, €+c0s 0 v 


1 H 
Taz l+ecosó - Je2—1? 


and if e>1, = 


Taking e< 1, 


do du d 1 | l—ecosu, 
l--ecosÓ J1—e 2x l+ecosg | 1—e? ” 
Le. facesse cafu cos u) du, (or by Art. 196), 
"aa l m cuc tene) 
e 


1 — [cos , €+c0s0 ." — e sin 8 
ju HE ey 1+e cos 14-e cos 0 
The time 7 for à planet measured from passing Perihelion 
is expressed by this integral as 


t dé 
n1 0 FUP 
where n is a certain constant (see E. J. Routh, or Tait & Steele, 
Dynamics of a Particle). It follows that nT'=u—e sin u. 
ie > 1, 
d ne 1 ecosh v— 1 , 
and 


1+ecos0 Ja l+ecosó — eS ” 


. ^ 1 
» (opio cosh v—1)dv, (or by Art. 196), 


= api sinh v— v) 


Ts 
Je? — 1 sin 0 4,240080 7 
LE are "Tpe cos 0 


(ei 
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200. In practice, each example should be worked ab initio. 


For example, suppose we require 
I ramen 


y 1 : 1 dy. 
Putting 5+3 cos 2=>7, 3 sin NP dz 


2 T- 


We take the + sign, because, as x increases in the first quadrant, 
5+3 cos z decreases and y increases. 


dy 
Thus Jaa |- 
i 5+3 cos x A —14-10y — 165? 
m cara; EA: ASA 
Nie - (ris) 
se 1. : a 3 i 
Too sin IRE usd -F const. 
d ui 34-5cos.x 
z= - — ee 
E sin Sina e 
ty OE OOE j 
= 4905 Mies 
call this = i u+const. 
à dx 3+5cosx 
Then HE =3 du, where E mee 
d ; H _5-3c0su. 
an ' B+3cosx 16 x 
1 _ (5-3 cos u) | 
^ (5 t-3cosr | 16? d 
dx _(- 3 cos uy du. 
“6 +3 c08 10) | gu 


pasda [53 —3. 52.3 cosu +3. 5. 3! cos?u — 39 cosu du 
0 


[for when z—0, cosu=1, and when z—7, cos u— — 1], 


um a (+3. 5.32 cos? u) du 


gu 

1 37 193 p 

gu 2[ 5% x +33, D 
Ley (25+ 5)- NL 


914 915 
. 3857 
—"gis * 


ll 
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201. The integrals 
k sin” x sin” æ 
mi rones nt mrs a)? 
can both be integrated in finite terms when m is a positive 
integer. i 
Consider the first, viz. ET c 
a+b cos z 


The case  —1 obviously gives =F log (a+b cos a). 


If m be odd, =2k+1, say, put a+b cos =z, and therefore 
bsinzdz- —dz. 


ES 
Thus ¡pl sintio sol 1 [i4 ) Ja I 


a 


every term of which is integrable when paler in powers 
of z. 
If m be even, = 2k, say, 
| sin” x d [Enea 
a+beost — J a+bcosx ^^ 
and if the numerator be expanded in descending powers 
of cosa, and then divided by bcosz+a, we arrive at an 
expression of form 
A 
2k—1 2k-2 2k+1 
a cos?! q +A, cos tebeos -) da, 

where the A's are numerical coefficients. 


Hence, in all cases, | ta can be integrated in finite 
terms. — 
The same argument applies to lath oz 2 


202. HE I= sine dz, there is a reduction formula con- 
^ "J(a+bcosa)” ^^ 


necting J, with 7, , and 7, ,. Hence all such integrations 
can be effected in finite terms. 
To obtain this reduction formula, put 
sing 
(a +b cos z)^-1 
[4e increase the index of the numerator by wnity and 
decrease that of the denominator by unity]. 


P= 
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Then 
dP _(m+1)sin™a cosa (a+b cos 2) + (n—1)b sin” z (1—cos*x) 
dz | (a+b cos z)” 
= e y Bla+beosa)+C0(a+b cos 2)?] 
(a+b cos x)" í 
where A+Ba+Ca?=(n—1)b, 
Bb+2Cab=(m+1)a, 
Cb? — (m 4- 1) b — (n — 1)5, ‘ 
giving 
" a? — b? ee a _m—n+2 
=—(n— E B=(2n—m-—3) P een va 
Hence 
sin”"+Hg a?—b? a 
(a+bcosaj i —(n—1) b Lt(2n—-m—3) 7 Ini 
—n+2 
Ps | m 
and the reduction formula required is 
Lia cb eT eo NEM MS d Vr 
27 7 n—1 a?—B (a+b cosa)" n—1 aq-—bp m 
m—n+2 1 
tr NY b? Lj; 


of which the formula of Art. 186 is a particular case. 

And since J, and J,*have been shown integrable in finite 
terms when m is given, we can use the reduction formula 
just established to find successively I}, l,, etc., in terms of 
I, and 1;, and thus integrate them. 


203. Again, Integrals of form 
sin” 0 cos? sin” O cos’ zg PPM sin” 0 cos? 0 dO 
res PET T-TÀ (e| (a+b cos 0)? * 
PE sin” 0 cos? 0 dé 
$ J (a+b cos 0f 
are always integrable in finite terms, p and q being positive 
integers. 
For (1) if p be odd, =2k+1, 
I’ SE =e eade 
pv Ue OW We ense, 


ds where c=c0s 6, 
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and after expansion of the numerator in descending powers 
of c and division by be+a, we get a series of powers of c 


and a remainder Ae. and each term is integrable with 
a+be 

respect to c. 

(2) If p be even, =2k, 

sin” 0 cos? Ó = (1 — cos? 0)* cos! 0, 

which, when expanded in descending powers of cos@ and 
divided by b cos 0+a, gives a series of powers of cos@ with 

A 
Pin Net n and each term is integrable 
with respect to 0 by Arts. 117, 173. 

And the same argument holds good for 1,, I,’, except that 
the remainders to be integrated involve such terms as 


8 remainder of form 


A f aeos 4 Bree d cos 0 m Tues d cos 0 
a4-b cos O (a+b cos 0} (a+b cos 0) 
or 

, dé 

ao ^? Jerte aa 


according as p is odd or even, and such integrations have been 
already considered. 


204. We may then obtain a reduction formula for 


_ f sin” 6 cos? 0 
ad (a+b cos aya 8 
sin? H 0 costt! O 
a 7 (a-Fb cos yi: 
Then 


[(p +1) sin? 0 cos*+? 0— (g -- 1) sin?*? 0 cos? 0] (a+b cos 0) 
POE Jr (n — 1) b sin??? 0 cos **! 0 
de (a+b cos 0)” 


. sin” O cost 0 


= a L{— (+1) +(p + 9+ 2) cos” 0) (a+b cos 0) 
(a+b cos 0) +(n—1)b (1 —cos? 0) cos 0] 


+ D(a+bcos 0)*], say. 


YANANAL FOIN NNN Y 
W V V VV. | vi UI ) 
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where A+ Ba+Ca*+ Da?= —(q+1) a, 
Bb -- 2Cab 4- 3 Da?b = —(q+1)b+(n—1) b, 
Ce?+3Dab?= (p+q+2)a, 
"a (p--q--2)5 — (n— 1) b, 
"ti 


whence A=(n— eZ 
B=(n—q—2)— (op 1—5)5, 
C=(3n—2p— 297) 5 p 
+q—n+3 
p= bs n 
and the reduction formula is 
sin”+ O cost? 0 ; , , , 
(a+b cos ai 47 nt BI na HOI n-2 + DI n-3» 
from which I’, can be expressed in terms of three integrals 


of the next lower orders and ultimately made to depend upon 
I’,, I’,, I'5, whose integration has been discussed. 


205. General Conclusion. 
From what has been said in Art. 204, it will now appear 
that any integral of form 
/ (sin 6, cos 0) dé 
(a+b cos 0)” 
can be integrated when n is a positive (or negative) integer, 
and f(x, y) is a rational integral algebraic function of sin 6, 
cos 0; for f(sin 0, cos 0) is then the sum of a number of terms 
of type A . sin” 0 cos. 


206. HERMITE (Proc. Lond. Math. Soc. 1872) has shown how 

to integrate any expression of form 
JF (sin 0, cos 0) 
sin (0 — a) sin (9—a,) sin (0 — az) ... sin (0— an)’ 

where f (z, y) is any homogeneous function of æ, y of (n—1) 
dimensions. 

For by the ordinary rules of partial fractions, 
ibn fta D ys f (ar, 1) EA 
(t-a,)(t-a,)...(t-a,) <H(a,-a,Ma,- ds)... (A; — An) t-a, 
(the factor a,—a, being omitted in the denominator of 
the above coefficient). 
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Writing ¢=tan 0, a,=tana,, a,=tan in etc., this becomes 


Fa 0, cos 0) » eee ENS 
In sin (0— ar) on = ae 


where A,=--———- _£(sinar, cosa) — | 
sin (a, — a) sin (a, — a) ... sin (a, — an) 


the factor sin (a, — a,) being omitted in the denominator. 


Thus, f PIER E dé = > A; log tan == dn 
n sin (0 — a,) ; 


207. (i) Thus, for example, we have 
sin? x 
sin (x — a) sin (z — b) sin (z —c) 
sin? a 1 
ro rwn 


: sin? s 
Mi fai (2— a) sin (x — b)sin (z— ae 
5 sin? a 


r—a 
sin (a — b) sin (a — c) log tan à 


2 
(ii) Similarly, 


cos? g 
la (x —a) sin (z — b) sin (z — ae 


cos? a s-a 
x sin (a — b) sin (a — c) log tan 2 


(iii) Hence adding, 
E da 
sin (x — a) sin (x — 6) sin (x — c) 


-— 1 


j sin (a — 6) sin (a — c) 
(iv) or subtracting, 


cos 2: da 
sin (z — a) sin (x — b)sin (z — c) 
BT cos 2a, 
sin (a—b) sin (a — c) 
(v) It is easy to show that 
sin x 
sin (x — a) sin (z — b) sin (z — c) 
Je sina 
~ “sin (a—b) sin (a — c) 


log tan zs, 


log tan Z TS, 


cot(x—a); 


A Iz sin x 
` J sin(z—a)sin (z - b) sin (x — Fi hee’ 
> sin a 


sin (a—b)sin(a—c) log sin (z — a). 
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EXAMPLES. 
1. Integrate 


(i) asin 0 4 b cos 0 T d6 
csin Ó--ecosÓ ` [a, 1883.] ( cos 0 -sin ` [I. C.S., 1880.] 


(i) TN 9 16 


a+bcos 0" [Triw. H. AND Maap.] 
(iv) assess (v ) TA de Up) cl 
cosa--cosz [1.C.S., 1889.] acosz+bsinz [Corr.,1876.] 
— tan 91 sec 0 4 
6 [1 ena 4. creas, 101 da” 
[Ox. I. P., 1889.1 
(viii) loa sin ac cos x [a, 1881.] 


, J dx dz 
(ix) oer j (x) Ive 
2/2+cosa+sinz [Ox. 1. P., 1888.] a+btanz 
(Sr. Jouw's, 1888.] 
(xi) Apply the transformation ¢= tan $æ to the integrals 
4dz 4dz 
5+3c0sx” J3+5cosz 
Hence or otherwise, evaluate these integrals to the nearest 
hundredth, when the limits are z=0 and jr. Prove in any way 
that the second is the greater of the two integrals, when taken 


between 0 and iz. (Maru. Trip. I., 1913.] 
(xii) Prove that 
" dz AT us a da 
f z- (a? — ga» di. í {a+ (a? — mye X2 J'en +42 
the positive sign being taken for the radical in each of the subjects 
of integration. [Maru. Trip. IL, 1913.] 
2. Evaluate 


dé 


(i) l €— [I. C. 5., 1889.] (ii) j a+ccos 0 (<a). 


[I. C. S., 1879.] 


(iii v ctim... bL 
) 2 + COS % ` (Sr. JoHN's, 1882.] (iv) 0 1- 2a cosg + a2 
[I. C. S., 1888.] 


3. Show that MN DIC EIE XA D 
ol-eosacosz 2 TRIN., 1887.] 


and integrate 


cosa cosz 4-1 d 
cos a 4- cosg 


V\ANANAS TO In Ar 
VV VV VV ) 
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4. Evaluate (i) lan (a>). [Ox. II. P., 1887.] 
© rra [y, 1899.] 
(iii) ¡A zx +8in 2z [8, 1891.] 
do dedante JESUM [Ox. I. P., 1889.] 
6. Integrate (1) Jeter [a, 1883.] 
(ii) (az er [Sr. Joun’s, 1884.] 
oo) lar cos 5 + ^n 8y* [a, 1881.] 

; dz 
(iv) lara” [Corz., 1892.] 


(v) Employ the substitution 


l+e LM T 
tan d e oid tan = 5 to evaluate the integral f (locos OP" 
(Maru. Tri. I., 1909.] 
7. Prove that 


S. EM n 3 Corr., 1886; ST. JoHn’s, 
(i) 3 (T+ cos a cos 0)? i apg i daa 1886.] — 


sin g dz . 2(sin a — a cos a) 
(ii) o(1+cosasinz)? sinda , [8, 1887.] 
and evaluate 


r 


æ sin z dz nd x sin x dz 
o (1 + cos a cos z)? o (1 + cos a cos z)* 


if a be less than z 


8. Evaluate the integral 


feos 20 log(1 + tan 0)d0. 5 dh: 


9. Find the values of the following integrals : (s « 3) 
dz dz 


() I 2 cosa + e” e (it) k 2+ cos a(e*+e~*) 
[TRIN., 1882. 


www.rcin.org.pl 


202 CHAPTER VI. 


: d6 
10. Evaluate (i) £ dicosió 4 Paints” i doo Seabed 
(i Bo. dion 
) o 4+5 sin? [I. C. S., 1885.] 


c sin? 0 + d cos? 
[Sr. Jouw's.) 


dé 
o (@2 cos? 0+ PF sin? 6)?” — [Ox. II. P., 1887.] 


(9) F sin 20 d8 


(iii) p asin? +b cos 15 Ce and d positive). 


o Sin* Ó + cost 0’ [I. C. S., 1891.] 
and (vi) Shew that ifc>a>0, 
E. 
m 2 ds — (c - Ve? — a?)/2c. 
[Marz. Trip. I., 1908.] 
d cT 
11. Prove that [ts Wa Tap 


where ab, and deduce or otherwise obtain the value of 


x dé 
o (a +b cos 0)5 [y, 1899.] 
12. Prove that if a b, 


f r dz 5a8 3a 
(a +b cos z)* eo 3 (a? — (arar (a? — -if [y, 1888.] 


Y de 
Evaluate f (1 +e cos 2)* Lo tall al [Sr. Joun’s, 1892.] 
dz 2 
13, Evaluate lazer where: Lo 85.1807) 
14. Prove thatif a < e 
sis, Lo cosóa 
ptos3x ^ 6 B cos 3a [C. S., 1896.] 
xí d$ 9m 
15. Prove that F diboa YT V eee 
where 7? — 0? --c? and r <a. [C. S., 1900.] 
16. Integrate 
: Jtan z S sec z de sa f sec? a dz 
G) ¡E c cos go (i) IE +b tana (ii) IP +btana 
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17. 


18. 


19. 


20. 


21. 


22. 
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Integrate 
p d6 
(i) huma cos Y (ii) N ive” 
(iii) | cot 0 — 3 cot 30 
3tan30—tanO ` [Ox. I. P., 1888.) 
(iv) sin 2x dx 
(a +6 cos z)* [a, 1889.] 
Integrate 
, cos 0 4- sin 0 sin 0 — cos O 10 
(1) [es 20 log onan OU" (ii ii) ‘wig Os Tit sin 20 
um 1 - cos 0 dé 
e» | s 6 (1 + cos 0) (2 + cos 0) 
l-sinz 2+sinzx 
Integrate _— 
UNS. | l -sing Ex 
Integrate 
| sin 0 — cos 0 6 
(sin 6 + cos 0) /sin 6 cos 0 + sin? 0 cos?@ 


sin? 6 dé 


Integrate ar ; 
"t (1 + cos? 0) / 1 + cos? 0 + cost 0 


Integrate 


(i) IE l-sinzdz. (ii) LE de. (iii) La tan x 


23. 


27, 


J1+sin x ATIUM 


sinh z sin z — cosh z 
Integrate [uu tds dx 
x? dx 
+ pfa fa sin + cos 2)? * 
seczcosec x 
. Integrate ("Gees 
. Integrate 
2x 3a — 2? 
-1 -1 
(i) [sin inn (ii) fran > al. 
(iii) [nc 14142 qa 
x 
[T+ 
Integrat = de. 
ntegrate | 178 
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28. Integrate [ans dx, | Taeg band di 


in 2x sin3x ^ Jsin4x 
sin(a—2 
5 


sin T4 
5) 


(Trin. COLL., 1892.] 


and prove that 


sin(s- 2) 
"d Rees dz - sin?* log mem ud un, 

sin 5x : ( 23] 
sin ot 


| dó cos 0 
a. onn RES ES qa at A 


- sin lo 
Ss 


Show that NES can be expressed in partial fractions of type 


1 m cos 6 
sin?0 — sin? a sin?0 — sin? a’ 


according as n is an odd or an even integer and can thereby be 
integrated. 


30. Integrate 
( * sin3zdz äi) f aie da 
4 o (a 5 cos z)? a+bcosz 
ün [_sinta de . (Ë sin3zdz 
a. | o (a +b cos a)? (iv) . (a--5 cos zy" (n > 3). 


31. Show how to effect the integration of 


cos? x cos? g 
-—— dz, dx, 
sin 2nx COS NX 


p and n being integers. 


[e, 1883, AND CoLL., 1879.] 
9 x = 
33. Integrate | cot (z — a) cot (x — B) dz, m 
and show that 
[cot (z — a) cot (x — b) cot (x — c)dz = È cot (a — b) cot(a — c)logsin (z — a). 
(Trinity, 1891.] 
33. Show that 
[sin z sec (z — T sec (a — 6) dz 


T RI nm ay lene cosh~!sec (z — a) — cos 8 cosh sec (x — )1. 


[TrinrrY, 1889.] 
34. Prove that 


B 
IK sec x sec (B — 2) dz = [B cosec B log sec 8. 
[Oxr. II. P., 1901.] 
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35. Prove that, if a and £ be positive quantities, 


LA 


Í i (a m sin?z)'*! | => eris Gat 7a) («B) 5. 


[a, 1884.] 


36. Prove that, if 
f(2) = (@ — a) (£ — a9) ...(z a) 
and P= II (1 - 2a, cos 9+a,?), 
r=1 


where aj, a, ...a, denote real quantities, then 
T dé n 
uw ÍA 
| porosa, 


where 4,=a,f(1/a,)f'(a,), and «= —1, or +1, according as a, is 
numerically greater or less than 1. [Sr. Jony's, 1886.] 


37. If c be less than asin 0, show that the coefficient of c" in the 


expansion of 
2c E s 6 x 4 
A uar jt { atan (q 5 


A “e 14:00 
i (-1) ja g* 4» 
where 4,, is independent of 6. [Corr., 1892.] 
38. Show that if n be a positive integer, 
cos nÓ — cos na sinna 2 "<"sinró . 
——— — — d0 = 0——— sin(n — r)a. 
cos 0 — cos a ne. sine Laco 
[HERMITE] 


39. Prove that 

f ( +008 2)"de= 3, . "auis D 
40. Show that 

fù cot(0 — a,)d0 = 6 cos 5. z+ Z4, log sin(0 — a,), 


sin rz 


where 4, — cot (a, — a4) Mdb - - ... eot (a, — an), 
the factor cot(a,— «,) being omitted. [HxRMrTE.] 
41. (1) Show that 
dz A E = j 
a-snz Jai ( : pen 


a-i ' 
(2) Differentiate with regard to x, 
a1 pi — sin z 


=I 
tan a1. ]+sing 
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Deduce from (1) and (2) that 
¿RAE IY. a tan? -1 
iani, Jet? Trapt o ts 
a-1'1+sinz Ja? - 1 


is independent of z, and verify your conclusion. [C. S., 1898.] 
dx 
A "agree h c ab — a cos x — b sec x’ 
where a< 1, b 7 1, ab 4 1. [Oxx. I. P., 1917.] 


4 


43. Integrate (i) &(rcosz--sinz) (ii) (224-1) 5. 
(ii) (z*-- 223 + 2z -- 1)/(2? -- x -- 1). [Oxr. I. P., 1918.] 


cos?z dz 
sin(z — a) sin(z — B)sin(z— y) © 
45. Deduce from the identity 


ni 7 2 2/92 — m2 
J cosnoao= f de Y sin20 — a n”) intó 
0 0 2! 41 


_ s? (22 — n?) (4? — n?) 
6! 


44. Integrate | 


sin$0 — «) 
the expression for sin z as an infinite product. [Oxr. II. P., 1887.] 


46. Evaluate the integrals 


(i) N^ log z)? dz. (ii) reser : 
aii — log zy dx 
us +alog x)? * (Maru. Tripos, 1885.] 
47. Show that 
" =  g?--a(a — 1) | Gsinz—2zcosz 
o (zsing+a cosg) " zsinz--acosz' 


(Trin. Corr., 1891.] 
48. Evaluate the indefinite integrals 
(i) (sin z + cos x)? 
[(x-— 1) cosa — (+ 1) sin ri 
M zt 
E) f -T)ycsz - (z4 T 1% 
[CorrEars, 1886.] 


49. If T=2+/1+22, show that 
pri pr 
r — . 
jr dt 
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. f ,w-2+2 
i ges ier (0) fe AA [Ox. II. P., 1899.] 
(ii) fice (cos O + woos 20) 49, 
1 — cos?0 [Corr. a, 1891.] 


51. Prove that, if n be an integer, 


j eos nx 
o l + cos a cos a 


and deduce the value of 


dæ — 7 cosec a (tana — sec a)", 


cos nz 
Hg dz. 
o (1 + cosacosz) [COLLEGES y, 1891.] 


52. From considering the integral 


* cosnÓ 
| oso d^ 
show that 
n+2cos?a (n+3)(n+4) costa 
PEP O ES d get 


= 2" (sec a — tan a)" sec” a cosec a. 


53. Prove that, if 0 — ac. and n be a positive integer, 


* tan 9 T 
| sin notan] —- |do = A [(sec a — tan a)” —(-1)"]. 
a - 


0 


tan 5 
54. Show that 
sin n6 dé Ms sin 1 (8, +9) 
(E 0 cosnÜ —cosna m > ooreo B oir 1(8,-0)' 
where B,=4a+ a . 


55. Discuss the integration of 
sin pô . ¿sin pO 
(a) [Eo (0) [sin ag 
where p and q are positive integers. 


56. With the help of the substitution gi=/t-—1, or otherwise 
prove that 


om as 
0(9+25x?%)/1 +2? 12 a 
(Matu. Trie., Pr. IL., 1920.] 
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